The Smith normal forms (SNF) of D-optimal designs of size < 100 are determined by a Computer search. A theorem is given for the SNF of D-optimal designs of order 4t + 2 when 4t + 1 is Square free, and bounds for the minimum number of 2's which tan appear in the SNF are derived.
INTRODUCTION
The general question that gave rise to the present Paper is the question of isomorphism of D-optimal designs. Theoretically it is enough to check (n!)" LJNEAR ALGEBRA AND ITS APPLICATIONS 247: 277-295 (1996) 0 Elsevier Science Inc., 1996 cases to find if two n x n given incidence matrices are Permutation equivalent. In practice it is not feasible in any interesting case, even despite the fact that the number of comparisons tan be reduced to n!, as was shown by M.
Newman [9] . The Smith normal form may be used for a negative answer: if two incidence matrices have different Smith normal forms, then they are not permutation equivalent. It is thus interesting to learn more about the Smith normal form for the D-optimal designs. First we introduce some notation and summarize results on the Smith normal form and D-optimal designs. Let R, be the ring of n X n matrices with entries from Z, the ring of integers. The unit (or unimodular) elements of R, are those with determinant + 1. In this Paper we will study the Smith normal forms of D-optimal designs. If 2v = 2 mod 4 and X, Y are commuting v X v matrices, with elements f 1, such that
where JG is an u X v matrix of 1's then the 2v X 2v matrix
M=( _;T $)
has the maximum determinant (see [l, 51) among all 2v x 2v + 1 matrices.
Such matrices are called D-optimal designs of Order 2v. A particular case where this construction is used is when X and Y are circulant matrices. 
Hence the construction of the two circulant matrices X, Y satisfying (1) 
In (5), Z is the identity matrix of Order u, and J is the matrix of Order z, with every element plus one. We assume that u and b are integers such that O<u,b<v-1. Now simple row and column operations tan be used to show det B = det(uZ + bJ) = (u + bv)u"-', and so, since det A = det AT, We now apply similar reasoning to D-optimal designs. Writing DD" = C for the D-optimal design D of Order 2u, we have
"2 2 1 1 = (2r; -1)2"(t; -l)'?
As above,
and
LEMMA 2. Suppose (9) and XT Proof. Use Equation (8) 
Suppose we have a general D-optimal design
We note that if we multiply any column through by -1, we do not Change the D-optimality of the design. So we normalize the design to have its first row all +l's. Write this as
We now add the first row to every other row and obtain a (2v -1) X 2~ matrix with every element 0 or 2. We note that the Operation we have just performed has not changed the determinant. Thus, as the determinant of the 2u x 20 matrix was not Zero, the (2~ -1) X 2v matrix still has rank 2u -1. It thus satisfies the conditions of Wallis's theorem and has at least [log,(2v -111 + 1 q 1 1 e ua e ements (here 2) in its normalization over the Euclidean domain Z.
Thus we have 
and so A, = 1, A, = 2,. . . , AL,og2Ceu_1j1+2 = 2,. . . , A,, = 2t"(4t + 1) for some a. for some a will be written. f or som a.
In the case where 2v -1 = 4t + 1 is Square free it cannot be decomposed into two integers (Y and ß such that cx 1 ß and (Y * ß = 4t + 1. Nor does t I 4t + 1, so, if t is odd, the only possible decomposition in (14) is for A, = 1,2 1 Ai, i = 2, . . . ,2v, and hence A,, to be a multiple of 2 (4t + 1). Since Ai I Ai+ 1 for all i, we have: 
1)). '
The results, calculated by Computer using Matlab and Mathematica, for 2v < 100 are given in Table 1 , where the matrices X and Y are circulant,
i.e., the corresponding D-optimal design is of circulant type, except for the case 2v = 18, where we have two nonequivalent D-optimal designs that are not of circulant type.
SOME DIAGONALIZING CALCULATIONS
Suppose P and Q are integer matrices (or matrices over the appropriate Euclidean domain) with determinant 1 such that PXQ = S, the Smith normal form of X. We write the D-optimal design in the form (2) above. We note that, since M given in (2) ,2,2t,. . . ( 1, --2 ,...) 2, 2t )..., 2t ,2t(4t + 1)). For orders 5 and 13 use the following sequences, whererepresents -1, for the circulant matrices A in the previous lemma:
(-11 1 1) and (1 1 11 1 -1 --1 1 1 -).
Now the SNF of the circulant matrix with first row (-1 1 1 1) is (1,2,2,2,6).
So diad B) is (1,2,2,2,6,2,4,4,4, 12>, and proceeding as in the previous lemma we find diag(B) = (1,2,2,2,2,4,4,4.6, 12) , and the SNF is (1,2,2,2,2,2,4,4,12,12)
Since the SNF of the circulant matrix with first row
(1 1 1 1 1 -t --
is (1,2,2,2,2,2,2, 6, 6, 6, 6, 6, 30) or ( 
